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Abstract. The purpose of this paper is to define the r-th Tachibana number tr of
an n-dimensional closed and oriented Riemannian manifold (M, g) as the dimension of
the space of all conformal Killing r-forms for r = 1, 2, . . . , n − 1 and to formulate some
properties of these numbers as an analogue to properties of the r-th Betty number br of
a closed and oriented Riemannian manifold.
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0. Introduction
0.1. In the present paper we define Tachibana numbers of a compact and oriented
Riemannian manifold and basing on the definition explain well-known results, including
our own. This paper contains a new view point on well-known facts of the theory of
Riemannian manifolds. Moreover in our paper we used ideas that were reflected in classic
monograph [24].
The paper is based on the author’s report given at the International Conference ”Dif-
ferential Equations and Topology” dedicated to the Centennial Anniversary of L.S. Pon-
tryagin, Moscow, June 17-22, 2008 (see [12]).
0.2. We shall concerned with four subspaces of the vector space Ωr(M,R) of exterior
differential r-forms on an n-dimensional closed and oriented Riemannian manifold (M, g),
namely, the subspace Hr(M,R) of harmonic differential r-forms, the subspace Tr(M,R)
of conformal Killing differential r-forms, the subspace Kr(M,R) of co-closed conformal
Killing r-forms and the subspace Pr(M,R) of closed conformal Killing r-forms for any
r = 1, 2, . . . , n− 1.
For a closed and orientable (M, g), we shall call the number tr = dimT
r(M,R) – the
Tachibana number, kr = dimK
r(M,R) – the Killing number and pr = dimP
r(M,R) –
the planar number of (M, g). We shall show that the Tachibana number tr are conformal
1
2scalar invariant, while the Killing numbers kr and planar numbers pr are projective scalar
invariants, and that they are dual in sense that tr = tn−r and kr = pn−r for any r =
1, 2, . . . , n − 1. And, in addition, we shall deduce the following identity tr = kr + pr on
an n-dimensional closed and orientable (M, g) with the constant section curvature C > 0.
In the last section of our paper we shall formulate the vanishing theorem for the r-th
Tachibana number.
1. Curvature and Betti numbers
In this section we summarize well known properties of harmonic forms on closed Rie-
mannian manifolds.
1.1. Let (M, g) be an n-dimensional closed and orientable Riemannian manifold. We
shall consider the space of all C∞-sections of the r-th exterior power ΛrM := Λr(T ∗M) of
the cotangent bundle T ∗M of M as the vector space Ωr(M,R) of all exterior differential
r-forms ω on the Riemannian manifold (M, g).
The exterior differential r-form ω is called a harmonic r-form if ∆ω = 0 where ∆ =
d∗d + dd∗ is the Hodge-de Rham Laplacian acting on exterior differential forms where d
is the exterior derivative and d∗ its formally adjoint co-differential operator (see [1], [9]).
Harmonic r-forms on (M, g) constitute a vector space denoted byHr(n,R). By the Hodge
theory (see [11]), the r-th Betti number br is the dimension of H
r(n,R) on a closed and
oriented Riemannian manifold (M, g).
An important property of the Hodge-de Rham Laplacian ∆ is that it commutes ∗∆ =
∆∗ with the Hodge star operator ∗ maps a r-form into an (n − r)-form such that ∗ :
Ω
r(M,R) → Ωn−r(M,R) is an isomorphism and ∗2 = (−1)p(n−p)IdΛrM for a fix local
orientation of a manifold M . In particular, if ω is a harmonic r-form, then ∗ ω is a
harmonic (n − r)-form too, i.e., ∗ : Hr(n,R) ∼= Hn−r(n,R) is an isomorphism. That
implies the following equation br = bn−r which is well known as the Poincare´ duality
theorem for Betti numbers.
1.2. For a Riemannian manifold (M, g) an arbitrary ω ∈ Hr(n,R) is a harmonic r-form
with respect to the conformally equivalent metric gˆ = e2fg for any differential function f
on (M, g) if n = 2r (see [1]). This implies that the r-th Betti number br is a conformal
scalar invariant of a Riemannian manifold (M, g) of dimension n = 2r.
1.3. The rough Bochner Laplacian is defined as ∇∗∇ where ∇ is the Levi-Civita
connection extended to the bundle ΛrM of exterior differential r-forms and ∇∗ its for-
mally adjoint operator (see [1]). The rough Bochner Laplacian and the Hodge-de Rham
Laplacian related by the classical Bochner-Weizenbock formula ∆ω = ∇∗∇ω + Fr(ω)
where Fr is a curvature term acting on differential r-forms (see [1]). If we multiply the
left- and right-hand sides of the Bochner-Weizenbock formula by ω and integrate it on
the closed and oriented manifold (M, g), then we obtain the following integral formula
3∫
M
g(∆ω, ω)dv =
∫
M
‖∇ω‖2dv +
∫
M
g(Fr(ω), ω)dv. If ω is harmonic, then from this inte-
gral Bochner-Weizenbock formula we have the following (see [10])
0 =
∫
M
‖∇ω‖2dv +
1
4
∫
M
∑
α
λα‖[Θα, ω]‖
2dv (1.1)
where λα are the eigenvalues for the standard symmetric Riemann curvature operator
R : Λ2(TM) → Λ2(TM) given by g(R(X ∧ Y ), Z ∧ U) = g(R(X, Y )U,Z) for any vector
fields X, Y, Z, U and the curvature tensor R of (M, g) and Θα are the duals of eigenvectors
for the curvature operator R. We say that (M, g) has positive curvature operator if the
eigenvalues of R are positive, and we denote this by R > 0.
Let (M, g) has positive curvature operator, then all λα > 0 and the formula (1.1) implies
∇ω = 0 and [Θα, ω] = 0 for all α. In this case ω must be zero unless r is 0 or n (see also
[10]). Hence, br = 0 for all r = 1, 2, . . . , n− 1.
In particular, for a compact and orientable Riemannian manifold of constant positive
sectional curvature or a compact and orientable conformally flat Riemannian manifold
with positive-definite Ricci tensor, br = 0 for all r = 1, 2, . . . , n− 1.
These are most known fundamental results of the ”Bochner technique” (see [24]).
1.4. Let (M, g) be an n-dimensional closed Riemannian manifold. For such a Riemann-
ian manifold (M, g), the space Ωr(M,R) has an orthogonal (with respect to the global
scalar product) decomposition
Ω
r(M,R) = Ker ∆⊕ d(C∞Λr−1M)⊕ d∗(C∞Λr+1M)
where Ker ∆ := Hr(n,R). Moreover, we have the orthogonal decompositions (see [8])
Ker ∆ = Im d∗ ⊕Ker d; (1.2)
Ker d∗ = Im d∗ ⊕Ker ∆; Ker d = Im d⊕Ker ∆. (1.3)
When (M, g) is a Riemannian manifold with positive curvature operator, we have
Ω
r(M,R) = d(C∞Λr−1M)⊕ d∗(C∞Λr+1M)
for all r = 1, 2, . . . , n− 1 that means
Ω
r(M,R) = Dr(M,R)⊕ Fr(M,R) (1.4)
where Dr(M,R) and Fr(M,R) are vector spaces of closed and co-closed exterior differ-
ential r-forms on (M, g) respectively.
2. Seven vector spaces of exterior differential r-forms
In this section we define seven subspaces of the space of all exterior differential r-forms
on an n-dimensional manifold (M, g) from the stand-point of first order natural linear
differential operator on differential r-forms for r = 1, 2, . . . , n− 1.
42.1. More then thirty years ago Bourguignon J. P. has investigated (see [3]) the space
Diff1(Λ
rM,ℑM) of natural (with respect to isometric diffeomorphisms) differential op-
erators of order 1 determined on vector bundle ΛrM of exterior differential r-forms and
taking their values in the space ℑM of homogeneous tensor fields on (M, g).
Bourguignon J. P. has proved the existence of three basis natural operators of the
space Diff1(Λ
rM,ℑM), but only the following two D1 and D2 of them were recog-
nized. He has shown that the first operator D1 is the exterior differential operator
d : C∞ΛrM → C∞Λr+1M and the second operator D2 is the exterior co-differential
operator d∗ : C∞ΛrM → C∞Λr−1M defined by the relation (see [1])
d∗ = (−1)np+n+1 ∗ d ∗ . (2.1)
About the third basis natural operator D3, it was said that except for case r = 1,
this operator does not have any simple geometric interpretation. Next, for the case
r = 1, it was explained that the kernel of this operator consists of infinitesimal conformal
transformations in (M, g).
2.2. In connection with this, we have received a specification of the Bourguignon
proposition and proved (see [13]) that the basis of natural differential operators consists
of three operators of following forms:
D1 =
1
r + 1
d; D2 =
1
n− r + 1
g ∧ d∗; D3 = ∇−
1
r + 1
d−
1
n− r + 1
g ∧ d∗
where (g ∧ d∗ω)(X0, X1, . . . , Xr) =
r∑
α=2
(−1)αg(X0, Xα)(d
∗ω)(X1, . . . , Xα−1, Xα+1, . . . , Xr)
for an arbitrary r-form ω and vector fields X1, X2, . . . , Xr on M .
The kernel ofD1 consists of closed exterior differential r-forms, the kernel ofD2 consists
of co-closed exterior differential r-forms and kernel of D3 consists of conformal Killing
r-forms or, in other words, conformal Killing tensors of order r (see [5]) that constitute
vector spaces Dr(M,R),Fr(M,R) and Tr(M,R) respectively.
Remark. The concept of conformal Killing tensors was introduced by S. Tachibana
about forty years ago (see [22]). He was the first who has generalized some results of a
conformal Killing vector field (or, in other words, an infinitesimal conformal transforma-
tion) to a skew symmetric covariant tensor of order 2 named him the conformal Killing
tensor.
2.3. On a closed and oriented Riemannian manifold (M, g) the condition ω ∈ ker ∆ is
equivalent to the following condition ω ∈ ker d∩ker d∗, see (1.2). Therefore the condition
ω ∈ ker D1 ∩ ker D2 characterizes the form ω as a harmonic form too. Hence, the space
of all harmonic r-forms we can define as Hr(M,R) = Dr(M,R) ∩ Fr(M,R).
The condition ω ∈ ker D3 ∩ ker D2 characterizes a r-form ω as co-closed conformal
Killing form. A co-closed conformal Killing form is called the Killing tensor (see, for
example, [5]; [22] and [23]). The space of all co-closed conformal Killing r-forms we can
define as Kr(M,R) = Fr(M,R) ∩Tr(M,R).
5The condition ω ∈ ker D1 ∩ ker D2 characterizes the form ω as a closed conformal
Killing form. Sometimes closed conformal Killing form are also called planar. The space
of all closed conformal Killing r-forms we can define as
P
r(M,R) = Dr(M,R) ∩Tr(M,R).
2.4. Denote the vector space of exterior differential forms of degree r by Ωr(M,R) and
the vector space of parallel r-forms on M with respect to ∇ by Cr(M,R). And in this
case, we have the following diagram of inclusions (see [13]; [14]):
Ω
r(M,R)
✚
✚
✚
✚❃
✲
❩
❩
❩
❩⑦
D
r(M,R)
T
r(M,R)
F
r(M,R)
❩
❩
❩
❩⑦
✲
❩
❩
❩
❩⑦
✚
✚
✚
✚❃
✚
✚
✚
✚❃
✲
P
r(M,R)
H
r(M,R)
K
r(M,R)
◗
◗
◗
◗s
✲
✑
✑
✑
✑✸
C
r(M,R)
For example, in this diagram the writing Fr(M,R)→ Kr(M,R) means that the space
K
r(M,R) is subspace of the space Fr(M,R).
3. Tachibana numbers
3.1. Let (M, g) be an n-dimensional closed and oriented Riemannian manifold. In the
paper [13] we have fined the operator D∗ formally adjoint to D as follows
D∗ = ∇∗ −
1
r + 1
d∗ −
1
n− r + 1
d ◦ trace
and constructed the rough Laplacian2 D∗3D3 which has the form
D∗3D3 =
1
r(r + 1)
(
∇∗∇−
1
r + 1
d∗d−
1
n− r + 1
dd∗
)
. (3.1)
Moreover, we have proved the following (see [15]):
ω ∈ Tr(M,R)⇔ ω ∈ Ker(D∗D);
ω ∈ Kr(M,R)⇔ ω ∈ Ker(D∗D) ∩Ker d∗; (3.2)
ω ∈ Pr(M,R)⇔ ω ∈ Ker(D∗D) ∩Ker d.
The operator D3 is a typical example of so-called Stein-Weiss operator and it was in
this context already considered by T. Branson in [4]. In particular, it was shown that
D∗3D3 is elliptic, which easily follows from computing the symbol (see also [19]). In this
case from the general theory (see [1]; [9]) we conclude that the kernel of D∗3D3 has the
finite dimension on a closed Riemannian manifold (M, g). In this situation we see that
dimTr(M,R) = dimR(ker D
∗
3D3) < ∞. Moreover, using this we can also conclude the
following: dimKr(M,R) <∞ and dimPr(M,R) <∞.
6Definition. For a non-negative integer r (1 ≤ r ≤ n− 1), the r-th Tachibana number
tr of the n-dimensional closed and oriented Riemannian manifold (M, g) is defined as the
dimension of the space of all conformal Killing r-forms on (M, g).
And, in addition, numbers kr = dim K
r(M,R) and pr = dim P
r(M,R) we shall name
as the r-th Killing number and the r-th planar number respectively.
3.2. Fix a local orientation of a manifold M and consider the action of the Hodge star
operator ∗ : Ωr(M,R) ∼= Ωn−r(M,R). The following isomorphism is obvious:
∗ : Ωr(M,R) ∼= Ωn−r(M,R); ∗ : Cr(M,R) ∼= Cn−r(M,R).
Therefore, by (2.1), we obtain the isomorphism
∗ : Fr(M,R) ∼= Dn−r(M,R). (3.3)
From (3.3), we obtain the well-known isomorphism ∗ : Hr(M,R) ∼= Hn−r(M,R) of vector
spaces of harmonic forms. The following isomorphism (see [6])
∗ : Tr(M,R) ∼= Tn−r(M,R) (3.4)
of vector spaces of conformal Killing forms is also well known (see also [21]). From (3.3)
and (3.4) we conclude the isomorphism (see also [13])
∗ : Pr(M,R) ∼= Kn−r(M,R). (3.5)
From (3.4) and (3.5) we obtain that the numbers tr, kr and pr are dual in sense that
tr = tn−r and kr = pn−r. These equalities are an analogue of the Poincare´ duality theorem
for the Betti numbers. We have the following:
Theorem. Let (M, g) be a closed and oriented Riemannian manifold of dimension
n ≥ 2. The Tachibana numbers tr are dual in the sense that tr = tn−r and kr = pn−r for
r = 1, 2, . . . , n− 1.
We recall that on a compact oriented Riemannian manifold (M, g) with positive con-
stant curvature there are no harmonic r-forms (1 ≤ r ≤ n− 1). As an application of the
proposition we have the decomposition (1.4). Using this decomposition and the condition
(3.2) Kora have concluded in [6] the following decomposition of the space of conformal
Killing r-forms
T
r(M,R) = Kr(M,R)⊕Pr(M,R) (3.6)
As a consequence we have the following theorem.
Theorem. Let (M, g) be an n-dimension (n ≥ 2) closed and oriented Riemannian
manifold with positive constant curvature, then the Tachibana number tr has the form
tr = kr + pr for any r = 1, 2, . . . , n− 1.
3.3. One of the most impotent properties of the equation defining conformal Killing
forms is it its conformal invariance (see [2]; [16]), i.e., if we consider the identity conformal
map id : (M, g) → (M, gˆ) such that gˆ := e2fg for any differential function f on M then
7for any conformal Killing r-form ω the form ωˆ := e(r+1)fω must be a conformal Killing
r-form with respect to the conformally equivalent metric gˆ := e2fg.
On the other hand, if we consider the identity map id : (M, g) → (M, gˆ) such that
preserves geodesics then for any closed (or co-closed) conformal Killing r-form ω the
form ωˆ := e−(r+1)fω where f = (n + 1)−1 ln
√
det g/ det gˆ must be a closed (or co-closed
respectively) conformal Killing r-form with respect to the protectively equivalent metric
gˆ (see [16];[20]).
We can state the following theorem.
Theorem. Let (M, g) be a closed and oriented Riemannian manifold of dimension
n ≥ 2. The Tachibana numbers tr are conformal scalar invariants of the manifold, while
the Killing and planar numbers kr and pr are projective scalar invariants of (M, g).
This theorem is an analogue of the statement on conformal invariant of Betti numbers.
4. About Tachibana numbers existence
In this section we shall give two examples of Riemannian manifolds with the non-
vanishing Tachibana numbers.
4.1. Let En+1 be a Euclidian space En+1 endowed with an orthogonal coordinate
system {x1, x2, . . . , xn}. Then an arbitrary co-closed conformal Killing 2-form has the
following components ωi1i2 = Aki1i2x
k + Bi1i2 where Aki1i2 and Bi1i2 are components of a
skew-symmetric constant tensor and k, i1, i2 = 1, 2, . . . , n (see [23]).
Let Sn : (x1)2+(x2)2+ · · ·+(xn+1)2 = 1 be an n-dimensional unit sphere of a Euclidian
space En+1. Tachibana has proved in [23] that ωi1i2 = Aki1i2x
k are components of a Killing
2-form defined globally on Sn. Now using this proposition we conclude that the Killing
number k2 does not equal to zero on an arbitrary unit hypersphere S
n of an (n + 1)-
dimensional Euclidian space En+1. From t2 = k2 + p2 we have t2 ≥ k2 > 0 and hence
t2 6= 0 .
In turn, we have proved in [13] the following. Let (M, g) be an n-dimensional lo-
cally flat pseudo-Riemannian manifold with the rectangular coordinates x1, . . . , xn. Then
an arbitrary co-closed conformal Killing r-form has the following components ωi1i2...ir =
Aki1i2...irx
k + Bi1i2...ir where Aki1i2...ir and Bi1i2...ir are local components of an arbitrary
skew-symmetric constant tensor and k, i1, i2, . . . , ir = 1, 2, . . . , n. In the other our paper
[17] we have presented the example ωi1i2...ir = Aki1i2...irx
k of a co-closed conformal Killing
r-form (1 ≤ r ≤ n − 1) defined globally on a unit hypersphere Sn. Therefore, we can
conclude that the Killing number kr (1 ≤ r ≤ n−1) does not equal to zero on an arbitrary
hypersphere Sn of an (n + 1)-dimensional Euclidian space En+1. Consequently, we have
tr 6= 0 because tr = kr + pr > 0 for all r = 1, . . . , n− 1.
Theorem. The Tachibana number tr (1 ≤ r ≤ n − 1) does not equal to zero on an
n-dimensional unit sphere Sn of a Euclidian space En+1.
84.2. Let now (M1, g1) and (M2, g2) be Riemannian manifolds where dimM1 = 1 and
dimMn−1 = n − 1. Let f be a positive smooth function on M1. The warped product
M1×fM2 of (M1, g1) and (M2, g2) is the topological product manifoldM = M1×M2 with
the metric g = g1×f g2 defined by g1×f g2 = pi
∗
1g1+(f ◦pi1)pi
∗
2g2, where pi1 : M1×M2 → M1
and pi2 : M1 ×M2 → M2 are natural projections on M1 and M2 respectively. If (M1, g1)
and (M2, g2) are closed and oriented Riemannian manifolds then the warped product
M1 ×f M2 is a closed and oriented Riemannian manifold also.
For any nonvanishing differential function λ : M1 → R, the 1-form ω = grad λ is a
closed conformal Killing one-form or, in other words, concircular vector field is globally
defined on S1×f S
n−1 (see [7]). Therefore, we can conclude the following: p1 = kn−1 ≥ 1.
Thus, we see that the Tachibana numbers are t1 ≥ 1 and tn−1 ≥ 1 because t1 ≥ p1 and
tn−1 ≥ kn−1 respectively.
Theorem. The Tachibana numbers tr have the following relations t1 ≥ 1 and tn−1 ≥ 1
t1 and tn−1 do not equal to zero on warped product S
1 ×f S
n−1.
5. The vanishing theorem for Tachibana numbers
In this section, we shall prove the theorem about vanishing of the Tachibana numbers
on a closed and oriented Riemannian manifold of negative curvature operator; the theorem
will be proved with help of the ”Bochner technique” (see [24]; [10]).
5.1. If we multiply the left- and right-hand sides of relation
D∗3D3ω =
1
r(r + 1)
(
∇∗∇ω −
1
r + 1
d∗dω −
1
n− r + 1
dd∗ω
)
by ω and integrate it on the closed and oriented manifold (M, g), we obtain the following
integral formula
r(r+1)
∫
M
‖D3ω‖
2dv =
∫
M
‖∇ω‖2dv−
1
r + 1
∫
M
‖dω‖2dv−
1
n− r + 1
∫
M
‖d∗ω‖2dv. (5.1)
On the other hand, integrating the classical Bochner-Weizenbock formula ∆ω = ∇∗∇ω+
Fr(ω) on the closed and oriented Riemannian manifold (M, g), we obtain the second in-
tegral formula (see [10])∫
M
‖dω‖2dv +
∫
M
‖d∗ω‖2dv =
∫
M
‖∇ω‖2dv +
1
4
∫
M
∑
α
λα‖[Θα, ω]‖
2dv. (5.2)
The equation (5.1) by means of (5.2) becomes
r(r + 1)
∫
M
‖D3ω‖
2dv =
=
r
r + 1
∫
M
‖dω‖2dv +
n− r
n− r + 1
∫
M
‖d∗ω‖2dv −
1
4
∫
M
∑
α
λα‖[Θα, ω]‖
2dv. (5.3)
5.2. We say that (M, g) has negative curvature operator if the eigenvalues of R are
negative, and we denote this by R < 0. Let (M, g) be a Riemannian manifold with
9negative curvature operator. This means that the inequality λα < 0 holds for any α.
Moreover, if we suppose that ω is a conformal Killing r-form then (5.3) gives us ∇ω = 0
and [Θα, ω] = 0 for all α. In this case the r-form ω must be zero unless r is 0 or n
(see [10]). It means, that there exists no conformal Killing r-form other then zero form
on an n-dimensional compact and oriented Riemannian manifold with negative curvature
operator (see also [18]). Hence, tr must be zero unless r is 0 or n. Then we obtain the
following theorem.
Theorem. The Tachibana number tr (1 ≤ r ≤ n − 1) is equal to zero on an n-
dimensional closed and oriented Riemannian manifold (M, g) with negative curvature op-
erator.
Using this theorem we can conclude that for a compact and orientable Riemannian
manifold of constant negative sectional curvature or a compact and orientable conformally
flat Riemannian manifold with negative-definite Ricci tensor, tr = 0 (r = 1, 2, . . . , n− 1).
This theorem is an analogue of the vanishing theorem for Betti numbers.
6. Two open problems
6.1. To find the Tachibana numbers tr for r = 1, 2, . . . , n− 1 on an n-dimensional unit
sphere Sn of a Euclidian space En + 1.
6.2. Are true or false the following equalities tr = kr + pr for r = 1, 2, . . . , n− 1 on an
n-dimensional closed and oriented Riemannian manifold (M, g) with positive curvature
operator whose metric g has not constant positive sectional curvature?
References
[1] Besse A.L.: Einstein manifolds, Berlin, Heidelberg, New York, London, Tokyo, Springer-Verlag,
1987.
[2] Benn I.M. and Charlton P.P.: Dirac symmetry operators from conformal Killing-Yano tensors,
Class. Quantum. Grav. 14 (1997), 1037–1042.
[3] Bourguignon J.P.: Formules de Weitzenbo¨k en dimension 4, Seminare A. Besse sur la ge´ometrie
Riemannienne dimension 4, Cedic. Ferman, Paris, 1981.
[4] Branson T.: Stein-Weiss operators and ellipticity, Journal of Funct. Analysis. 151 (1997), 334–383.
[5] Kashiwada T.: On conformal Killing tensor, Nat. Sci. Rep. Ochanomizu Univ. 19 (1968), 67–74.
[6] Kora M.: On conformal Killing forms and the proper space of ∆ for p-forms, Math. J. Okayama
Univ. 22 (1980), 195–204.
[7] Mikesˇ J.: On existence of nontrivial global geodesic mappings of n-dimensional compact surfaces
of revolution, Proc. Conf. ”Differential geometry and its applications, Aug. 27-Sept. 2, 1989”, Brno,
Czechoslovakia, Word Scientific, Singapore, 1990, 129–137.
[8] Novikov S.P.: Topology I. Encycl. Math. Sci. 12 (1996), 1–310; translation from Itogi Nauki
Tekh., Ser. Sovrem. Probl. Mat., Fundam. Napravleniya 12 (1986), 5–252.
[9] Palais R.S.: Seminar on the Atiyah-Singer index theorem, Annals of Math. Studies No. 57,
Princeton University Press, Princeton, 1965.
[10] Petersen P.: Riemannian geometry, Graduate text in Mathematics, 171, Springer, New York,
1997.
10
[11] Rham G. de.: Varie´te´s diffe´rentiables formes, courants, formes harmoniques, Hermann, Paris,
1955.
[12] Stepanov S.E.: On analogue of the Poincare´ duality theorem for Betti Numbers, Abstracts of the
International Conference ”Differential Equations and Topology dedicated to the Centennial Anniver-
sary of L.S. Pontryagin, June 17-22, 2008”, Steclov Mathematical Institute of the Russian Academy
of Sciences and Lomonosov Moscow State University, Moskow. (2008), 456–457.
[13] Stepanov S.E.: On conformal Killing 2-form of the electromagnetic field, Journal Geom. and
Phys. 33 (2000), 191–209.
[14] Stepanov S.E.: Vanishing theorems in affine, Riemannian and Lorenz geometries, Journal of
Mathematical Sciences. 141 (2007), 929–964.
[15] Stepanov S.E.: A new strong Laplacian on exterior differential forms, Mathematical Notes. 76
(2004), 420–425.
[16] Stepanov S.E.: Some conformal and projective scalar invariants of Riemannian manifolds, Math-
ematical Notes. 80 (2006), 848–852.
[17] Stepanov S.E., Isaev V.M.: Examples of Killing and conformal Killing forms, Differ. Geom.
Mnogoobr. Figur. 32 (2001), 57–52 (in Russian).
[18] Stepanov S.E.: On a generalization of Kashiwada theorem, Webs and Quasigroups. Tver State
Univ. Press. (1999), 162–167.
[19] Stepanov S.E.: New theorem of duality and its applications, Proceedings of yearly international
summer school-seminar ”Recent problems in field theory, 1999–2000”, Kazan State University and
Institute for Theoretical and Experimental Physics of the Russian Academy of Sciences, Kazan,
2000, 371–375.
[20] Stepanov S.E.: The killing-Yano tensor, Theoretical and Mathematical Physics, 134 (3) (2003),
333–338.
[21] Stepanov S.E.: On an isomorphism of the spaces of conformal Killing forms, Differ. Geom.
Mnogoobr. Figur. 31 (2000), 81–84 (in Russian).
[22] Tachibana S.: On conformal Killing tensor in a Riemannian space, Tohoku Math. Journal. 21
(1969), 56–64.
[23] Tachibana S.: On Killing tensor in a Riemannian space, Tohoku Math. Journal. 20 (1968), 257–
264.
[24] Yano K. and Bochner S.: Curvature and Betti numbers, Princeton Univ. Press, Princeton, 1953.
